Receding Horizon Planning — an Introduction

David Zachariah Loke Hagberg

September 14, 2022

1 Introduction

To remain viable in the era of climate change, societies will require an eco-
nomic system that is capable of rapid adaptation in the face of unplanned
shortages and extreme weather events as well as long-term planning of in-
vestments on a societal scale for infrastructure, housing and production.

Consider a large-scale economic system consisting of m units of pro-
duction. Each unit produces a collection of products, including waste by-
products, and use up a collection of human produced and natural resource
inputs over a given period. At any given time ¢ — measured in units of weeks,
months or possibly years — we wish to coordinate their joint production over
the coming N time periods. That is, plan for future time periods

t4+1,t+2, ..., t+N.

Based on new information that is made available as time period t progresses
into the next t 4+ 1, the coordination plan of production over the subsequent
N periods is revised. This is a receding horizon planning (RHP) approach
to economic coordination.

Based on continuous inputs and economic feedback (on production levels,
available stocks, etc.), the goal is to continuously reallocate production in a
resource efficient manner to maintain long-run viability. See Figure 1 for a
conceptual illustration. This short paper gives a brief overview of the central
ideas of RHP, further references to related ideas can be found in [1, 2, 3].

2 Planning problem

Let n=1,..., N index the subsequent time periods and variable z;(n) > 0
denote the level of production in unit i. The level can defined as the (dimen-
sionless) scale of production or measured in any suitable common measure
such as the direct labour inputs in, say, person-hours. The collection of
production levels across all units of production is represented by the m x 1
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Figure 1: Conceptual overview of economic coordination via RHP. Economic
targets and constraints are negotiated inputs and data is fed back through
a set of protocols. An optimization procedure selects a resource-minimizing
plan among all feasible plans, which is broadcast to the units of production.
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The planning problem consists of determining a set of target production
levels over a horizon of N periods ahead. That is,

{z(1),2(2),...,z(N)} (1)

is a recommended plan for the coming N time periods that is broadcast to
all units of production. As production and consumption takes place over
the subsequent period ¢ + 1, new economic data is made available that is
fed back into the coordination process. Then a revised set of plans (1) is
determined for the subsequent N periods.

The units of production consume and output a wide range of d distinct
products. Based on investment goals, consumption demands, material con-
straints and available stocks, we are given a set of (net) output targets which
we collect in a d x 1 vector

ri1(n)
r(n) = r2n)
rdin)

for period n. The targets over the planning horizon form the set:

{r(1),7(2),...,7(N)} (2)

A plan (1) is then said to be feasible if the joint production of all units can
meet the set of targets (2).



To define the feasible plans, we introduce a d x m matrix of joint pro-
duction coefficients, J(n), such that

ju(n) Ji2(n) Jim(n)
J(n)a(n) = ‘”ﬂ(") e1(n) + ‘mf") va(n) + - + ”’”f”) ()
jai(n) Jjaz(n) Jdm(m)

represent a first-order approximation of the d net outputs from all m units
during period n. A feasible plan must satisfy the following material con-
straints J(n)xz(n) > r(n) for n = 1. Some of the excess outputs, J(1)z(1) —
r(1), can be transferred from one period to the next. The proportion trans-
ferred from k prior periods is determined by a dxd depreciation matrix D(k).
A feasible plan must therefore satisfy a set of material resource constraints:

zn:D(k: —1)[J(k)z(k) —r(k)] >0 foralln=1,2,...,N. (3)
k=1

There are, however, many different plans (1) that satisfy the constraints
(3). Among the feasible plans, we now seek one that where the units of
production utilize a primary resource (say, labour time) or output a waste
by-product (say, carbon dioxide) in the most efficient manner. We let this
be a ‘cost’ such that

cT(n)z(n) = c1(n)x1(n) + ca(n)ze(n) + - + cm(n)xm,(n)

equals the total utilization of the resource across all units of production op-
erating with production level z(n). We can now state a resource-minimizing
RHP-problem in a formal manner:

N
arg min Z cT(n)x(n)
{z()} 51

subject to ZD(k) ~ D [J(k)z(k) —r(k)] >0, Vn=1,...,N
k=1
z(n) >0, Yn=1,...,N

That is, given the data {(r(n),c(n), J(n), D(n))} compute an optimal plan
(1). This is a linear optimization problem that can be solved efficiently by
modern computational methods that exploit sparse matrix structures.

Solving (4) also enables evaluating alternative productive investments
into existing units of production or the addition of entirely new units. It
is also possible to analyze the ability of the system to adapt to sudden
economic changes arising from e.g. extreme weather events.



3 Additional constraints

The basic RHP-problem (4) can, of course, be augmented with additional
economic constraints. For illustration, we consider two important con-
straints on the rates of change and on the trade balance. Additional con-
straints on logistics and fixed resources can also be considered.

3.1 Constraints on rate of change

While we are able to find plans that reduce the resource utilization to its
minimal level, there may additional constraints on the scale of change in
production that is actually feasible from one period n — 1 to the next, n.
This may depend on the supply of matching labor power or other constraints
on productive processes with slow dynamics.

For simplicity, let §; and §,; denote the maximum relative increase and
decrease in production level possible for unit 7, respectively. Then we may
add the following constraint to (4):

(I-Azx(n—1)<z(n)<{T+A)zx(n-1), forn=1,...,N,

where

é:diag(ébéQ?"' ) ) A:diag(517527"'75m)

r=m

and z(0) denotes the current production levels.

3.2 Trade balance constraints

No modern economic system on any regional scale is entirely self-sufficient
and must import certain inputs to remain viable. Let T'(n) denote a d x m
input import coefficient matrix such that

T(n)z(n)

denotes the d x 1 vector of total imported inputs. For long-run balance of
payments, however, the imports should be payed by exported goods and
services.

For simplicity, let rexp(n)s(n) be a target vector of export products,
where s(n) > 0 is a scale factor and rexp (1) specifies a fixed mix of products.
We can then augment a trade-balance constraint to (4):

N N
D oL Tma(n) < plyrep(n)s(n),
n=1 n=1

where pimp and pexp are d x 1 vectors of import and export prices. This
adds a set of export scale factors {s(n)} to the RHP-problem and modifies
the target output vectors accordingly. An optimized mix of export products
can also be considered.



4 Existing economic data

Tackling the RHP-problem would require data from a vast number of units
of production as well as a standardized list of output-types.

It is however already possible to provide some rudimentary analysis and
policy recommendations using existing national accounts data, which mea-
sures many distinct outputs in units of monetary prices. E.g., dollars of steel,
dollars of agricultural products, and so on. The joint production coefficient
matrix, J, can be decomposed into three coefficient matrices:

J=B-A-T

with B for supply, A for the domestic inputs and 7" for imported inputs. If
one considers that not all units of production are operational through out
all N periods, then J(n) has all zero columns corresponding to the non-
operational units in period n.

For target quantities r one can initially use the household consumption
and total investment vectors.

If the production levels x aare quantified in units of direct labour time,
this determines the measurement units in the coefficient matrices above
(quantity of product per unit of labour time). Then if unit cost vector ¢
measures total labour time, it equals a vectors of 1s. Alternatively, the
amount of carbon emissions per unit of labour.
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